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LOG FUNDAMENTAL GROUP SCHEME
ARITRA SEN
Abstract. In this article, we study the log-scheme theoretic version of the
Nori fundamental group scheme. Similar to the classical Nori fundamental
group scheme, the log Nori fundamental group scheme classifies torsors on log
flat topology. We also compute the nilpotent pro-p quotient of the the log Nori
fundamental group scheme with log at {0, 1,∞}.
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1. Introduction
Let X be a connected, reduced scheme over a field k and x ∈ X(k) be rational
point. Then Nori proved the following result in [9].
Theorem 1.1. There exists a profinite group scheme, πN (X, x), the Nori funda-
mental group scheme, such that for any finite group scheme over k there is a func-
torial isomorphism between Homgrp.schm(π
N (X, x), G) and Tor(G, (X, x)), where
Tor(G, (X, x)) is the set of isomorphism classes of (T, α) where T is a G-torsor
and α is a trivialization α : T |x ∼= G.
We also have following relationship
Homgrp.schm(π
N (X, x), G)/ ∼∼= ker(H1fppf (X,G)→ H
1
fppf (x,G)) (1.2)
Here ∼ denotes conjugation by G(k) and the kernel of the map between the
pointed sets H1fppf (X,G)→ H
1
fppf (x,G) is the inverse image of distinguished ele-
ment in the H1fppf (x,G)).
1
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In this paper, we generalize the notion of Nori fundamental group schemes to
log schemes. Let X be a fine saturated log scheme which is log smooth over a field
k whose underlying scheme is connected. Then we define πNlog(X) which classifies
log flat torsors of X over finite classical k-group schemes.
The following is the main theorem proved in this paper
Theorem 1.3. Let X be log smooth scheme over a field k (the log structure on
field k is trivial) such that the underlying scheme of X is connected and x ∈ X(k).
There exists a profinite group scheme, πNlog(X, x) such that for any finite group
scheme over k there is a functorial isomorphism between Hom(πNlog(X, x), G) and
Torlog(G, (X, x)), where Torlog(G, (X, x)) is the isomorphism classes of (T, α) where
T is a G-sheaf torsor in the log flat topology of X and α is a trivialization α : T |x ∼=
G.
Similar to classical case we get the following relationship.
Homgrp.schm(π
N
log(X, x), G)/ ∼∼= ker(H
1
logfl(X,G)→ H
1
logfl(x,G)). (1.4)
In the second part of the paper we prove the following
Theorem 1.5. Let k be an algebraically closed field of characteristic p > 0. Let
X = P1k and D = {0, 1,∞} . We endow X with the log structure associated with
D. Then
(πNlog(X, x))p−nilp
∼= lim←−
n
µpn × µpn
.
Here (πNlog(X, x))p−nilp refers to the pro-p nilpotent quotient of π
N
log(X, x) (See
Definition 8.2).
The original construction of fundamental group scheme by Nori was for a scheme
over a field k.This construction was generalized to a scheme X when it is a reduced
flat scheme over a Dedekind scheme in [3]. In [2], the fundamental group scheme
was generalized to the Nori fundamental gerbe of a fibered category. In Chapter 3 of
[9], it is proved that if X is smooth, connected projective curve over an algebraically
closed field of k with a base point x0 and let S be a finite set of points not containing
x0 then the π
N (X−S, x0) is the group scheme associated with Tannakian category
of parabolic sheaves on X − S. In [1] it was shown how parabolic sheaves on a
scheme can be reinterpreted in terms of logarithmic geometry.
1.1. Structure of the paper. The structure of the paper is as follows: in Sections
2, 3 and 4 we review some properties of the Nori fundamental group scheme, log flat
topology and log smooth morphism respectively. In Section 5 we discuss torsors
in log flat topology. The Theorem 1.3 follows from the Theorem 6.1 in Section
6. In Section 7 we show that the log flat torsors of solvable group schemes are
representable. The Section 8 contains the proof of Theorem 1.5. We define a
canonical map f from (πNlog(X, x))p−nilp to lim←−
n
µpn × µpn . In Section 8.1 we show
that f is surjective and in Section 8.2 we show f is injective.
Acknowledgement. I would like to express my gratitude to Professor Kazuya
Kato for his kind advice and feedback while writing this article. I would also like to
thank Professor Madhav Nori for his advice and answering several questions which
came up while writing this article.
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2. Nori fundamental group scheme
Let X be a reduced and connected scheme over a field k. Let x be a k-rational
point of X . Consider the category T (X, x) whose objects consists of triples of the
form (G, T, t) where G is a finite group scheme over k, T is a G-torsor in the fqpc
topology of X , and t is k-rational point which lies above x. A morphism in T (X, x)
between (G1, T1, t1) to (G2, T2, t2) consists of a pair g, f where g is a group scheme
homomorphism over k and f is a morphism of schemes from T1 to T2 over X such
that the following diagram commutes:
G1 × T1 T1
G2 × T2 T2
m1
g×f f
m2
where m1 : G1 × T1 → T1 and m2 : G2 × T2 → T2 is the action of G1 on T1 and
action of G2 on T2 respectively.
The Nori fundamental group scheme is defined as follows
Definition 2.1. Let (πN (X, x), T, t) be such that T is a πN (X, x)-torsor overX and
t is a k-rational point over x. If there exists a unique morphism from (πN (X, x), T, t)
to any object (G′, T ′, t′) in T (X, x), πN (X, x) is called the Nori fundamental group
scheme of (X, x).
Definition 2.2. Let (G1, T1, t1), (G2, T2, t2), (G, T, t) be objects in T (X, x). Let
(g1, f1) and (g2, f2) be morphism from (G1, T1, t1) to (G, T, t) and (G2, T2, t2) to
(G, T, t) respectively. If the triple (G1 ×G G2, T1 ×T T2, t1 ×t t2) is an object of
T (X, x) for any (G1, T1, t1), (G2, T2, t2), (G, T, t) in Ob(T (X, x)) then we say the
category T (X, x) has property P .
The following two theorems are proved in Proposition 1 and Proposition 2 of
Chapter 2 in [9].
Theorem 2.3. The Nori fundamental group scheme of (X, x) exists iff T (X, x)
has property P.
Theorem 2.4. If X is reduced and connected then T (X, x) has property P.
3. Log flat topology
For the definitions of log schemes and fine saturated log schemes (fs log schemes),
see [6].
We need the following definitions to define log flat topology on a fs log scheme.
Definition 3.1. Let X and Y two fs log schemes. Let f : X → Y be a morphism
of fs log schemes. A chart for f is a triple (a, b, h) where a : X → Spec(Z[P ]) and
b : X → Spec(Z[Q] are charts for X and Y respectively, h : Q → P is a morphism
of monoids such that the following diagram commutes
X Spec(Z[P ])
Y Spec(Z[Q]).
a
f h∗
b
Here h∗ is morphism induced on Spec(Z[P ]) to Spec(Z[Q]) by the monoid mor-
phism h.
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Definition 3.2. Let f : X → Y be a morphism of fs log schemes. We say f is a log
flat morphism if there exists a chart for f fppf locally (a : X → Spec(Z[P ]), b : X →
Spec(Z[Q], h : Q→ P ) such that it satisfies the following conditions are satisfied
(1) The induced map from X → Y ×Spec(Z[Q] Spec(Z[P ]) is classically flat.
(2) The induced map from Qgp → P gp is injective.
Definition 3.3. (1) A morphism of monoids h : P → Q is Kummer if it is
injective and there exists an n ≥ 1 such that Qn ⊂ h(P ).
(2) LetX = (X,OX ,MX) and Y = (Y,OY ,MY ) be fs log schemes and f : X →
Y be a morphism of fs log schemes. We say f is Kummer for any x ∈ X ,
the induced map of monoids (MY /O∗Y )f(x¯) → (MX/O
∗
X)x¯ is Kummer.
Definition 3.4. We say a morphism of fs log schemes f : X → Y is Kummer log
flat if it is both Kummer and log flat.
We can show that it is always possible a pick nice charts fppf locally for Kummer
log flat morphism.
Lemma 3.5. Let f : X → Y be a Kummer log flat morphism of fs log schemes.
Let x be a point of X with its image y in Y . Then the following hold.
(1) There is a fppf local chart of f , (a : X → Spec(Z[P ]), b : Y → Spec(Z[Q]), h)
such that the monoid morphism h : Q → P is Kummer ,the induced maps
Q → (MY /O∗Y )y¯ and P → (MX/O
∗
X)x¯ are isomorphisms, and such that
the induced morphism of schemes X → Y ×fsSpec(Z[Q]) Spec(Z[P ]) is strict
and classically flat.
(2) Further, assume that f is locally of finite presentation. Then, we can take
a chart as in (1) such that X → Y ×fsSpec(Z[Q]) Spec(Z[P ]) is also surjective
and locally of finite presentation.
Proof. See Proposition 1.3 in [5]. 
We are finally ready to define a Grothendieck topology on the category of fs log
schemes over an fs log scheme X, FSLSch/X , which is called the log flat topology.
Definition 3.6. Let X be a fs log scheme. The log flat site, (FSLSch/X)logfl, is
defined as follows. The log flat topology on (FSLSch/X)logfl is given by covering
families {fi : Ti → T }i∈I of morphisms in (FSLSch/X) such that
⋃
i∈I
fi(Ti) = T
and fi are Kummer log flat morphisms and the underlying morphism of schemes fi
is are locally of finite presentation. We will denote this site by X logfl
Definition 3.7. Let X = (X,OX ,MX) and Y = (Y,OY ,MY ). Let f : X → Y be
a morphism of fs log schemes. We say f is strict if the induced map f∗MY →MX
is an isomorphism.
Let X be an fs log scheme, we denote the underlying scheme of X by |X |. Fiber
products exist in the category of fs log scheme but the classical fiber product of
three fs log schemes may not be an fs log scheme. So we denote fiber product in
the category of fs log schemes it by ×fs to distinguish it from the classical fiber
product of schemes. In general, |X ×fsZ Y | but sometimes they can be isomorphic
as illustrated by the following lemma.
Lemma 3.8. Let f : X → Z and g : Y → Z be two morphisms of fs log schemes
such that f is strict. Then |X ×fsZ Y |
∼= |X ×Z Y | and the canonical map from
X ×fsZ Y → Y is again strict.
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4. Log smooth morphisms
Please see Section 3.3 in [6] for definition of log smooth morphisms.
Here we will use the following characterization of log-smooth morphism
Theorem 4.1. Let f : X → Y be a morphism of fs log schemes and , b : Y →
Spec(Z[Q]) be a chart for Y . Then the following conditions are equivalent:
(1) f is log smooth.
(2) There exists etale locally a chart (a : X → Spec(Z[P ]), b : Y → Spec(Z[Q]), h)
of f such that Ker(Qgp → P gp) and the torsion part of Coker(Qgp → P gp)
are finite groups of orders invertible on X, and the induced map from
X → Y ×Spec(Z[Q] Spec(Z[P ]) is classically etale.
Proof. See Theorem 3.5 in [6]. 
Definition 4.2. Let k be a field with trivial log structure. Let X be an fs log
scheme over k. We say X is log smooth over k if the structure morphism from X
to k is log smooth.
Lemma 4.3. Let X1, X2 and X3 be fs log schemes with morphisms X2 → X1 and
X2 → X1 . Let X4 = X3×
fs
X1
X2. Let x ∈ X4 and Qi = M¯Xi,x ( here x→ X4 → Xi
is also denoted by x). Then the natural map from (Q3⊕satQ1Q2)/(Q3⊕
sat
Q1
Q2)
× → Q4
is an isomorphism.
Proof. See Proposition 2.1.1 in [8]. 
Lemma 4.4. Consider the morphism of saturated monoids Q1 → Q2 and Q1 →
Q3. Let Q1 → Q2 be an inclusion such that Qn ⊂ P . Every element Q1 becomes
n-divisible when mapped to Q3. Then Q3 → (Q3 ⊕satQ1 Q2)/(Q3 ⊕
sat
Q1
Q2)
× is an
isomorphism.
Proof. See Lemma 2.3 in [4]. 
The following proposition is used in the proof of 6.1.
Proposition 4.5. Let k be a field and X be a fs log scheme which is log smooth
over the field k ( the log structure on k is a trivial). Let f : Y → X be a Kummer
log-flat morphism . Let y ∈ Y, x = f(y). Then there exists a commutative diagram
of fs log schemes
T Xn
Y X
φ
h g
f
such φ is a classical flat morphism and h is a surjective Kummer log flat mor-
phism. Moreover Xn is reduced.
Proof. Since X is log smooth over the field k by 4.1 there exist charts (etale locally)
a : X → Spec(Z[P ]) such that the canonical map from X → Spec(k[P ]) is etale.
Let Xn = X ×fsSpec(Z[P ]) Spec(Z[P
1/n]) where P 1/n is a P -monoid such that P →
P 1/n is isomorphic to n : P → P (a → an). Note that the canonical map from
Xn → Spec(k[P 1/n]) is etale and since Spec(k[P 1/n]) is reduced it implies Xn is
also reduced.
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Now let T = Y ×fsX Xn. We will have to show that the morphism φ : T → Xn is
strict. This is equivalent to show for all x ∈ T , the induced morphism MXn,φ(x) →
MT,x is an isomorphism. Using Lemma 4.3 we can MT,x and Lemma 4.4 shows
MXn,φ(x) →MT,x is an isomorphism. The morphism g : Xn → X is surjective and
Kummer log flat therefore the morphism h : T → Y is surjective and Kummer log
flat. 
5. Torsors in log flat topology
In this and the following sections we will consider only fs log schemes over a field
k with the log structure on k being trivial and all morphisms considered will be
k-morphism. Let G be a classical group scheme over the field k and let X be an
fs log scheme over the field k. The group scheme G ×fsk X induces an a sheaf of
abelian of groups on the X logfl site.
Now, let S be a sheaf of sets on the X logfl site. We call S a G-sheaf if it is endowed
with a action of G.
Now, let S1 be a G1 sheaf and S2 be a G2 sheaf where G1 and G2 are group
schemes over k and S1 and S2 are sheaves of sets on X
log
fl site. Let h be a group
scheme homomorphism from G1 to G2. We say a morphism of sheaf f from S1 to
S2 is a h-morphism if for every g in G1(U) and s in S1(U), fU (gs) = hU (g)fU (s).
A G-sheaf S is a called a trivial torsor if it is isomorphic to G as a G-sheaf.
Definition 5.1. Let S be a G-sheaf on X logfl site where G is a group scheme over
k. We say S is a G-torsor if there exists a covering {Ui → X}i∈I in X
log
fl such that
SUi is isomorphic to G×k Ui as a G ×k Ui-sheaf or in other words SUi is a trivial
G×k Ui-torsor. ( Here by SUi we mean the sheaf S restricted to (Ui)
log
fl ). In other
words, the sheaf SUi on (Ui)
log
fl site is representable by the log scheme G×k Ui.
Remark 5.2. It is not known if torsors over finite group schemes om Kummer log
flat topology are representable. Therefore, we will be dealing with sheaf torsors.
6. Log Nori fundamental group scheme
Let X be an fs log scheme log smooth over a field k and x ∈ X(k) . Let
FT (X, x) denote the following category: the objects of this category are triples
of the form (S,G, α) where S is a G-torsor on X logfl site and G is a classical finite
group scheme over the log point (Spec(k), e) with strict structure morphism and
α is a trivialization S|x ∼= G and morphisms between (S1, G1, α1) and (S2, G2, α2)
are of the form (f, g) where g is group scheme homomorphism from G1 to G2 and
g is f -morphism which respects the trivialization.
Now, we can define the log Nori fundamental group scheme of X as follows
πNlog(X) = lim
(S,G,α)∈Ob(FT (X,x))
G.
In general, this limit may not exists. But it does exist if the index over which
the limit is taken is small and cofiltered.
To prove that the category FT (X, x) is cofiltered, we will show that the category
FT (X) has fibre products. That is we will show that, if T1 = (S1, G1, t1), T2 =
(S2, G2, t2) and T = (S,G, t) are objects of FT (X) and (f1, g1) is a morphism from
T1 to T and (f2, g2) is a morphism from T2 to T , then T1×T T2 is (S1×S S2, G1×G
G2, t1 ×t t2) is in FT (X, x).
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Theorem 6.1. S1×S S2 is a G1×GG2 torsor . In other words, (S1×S S2, G1×G
G2, t1 ×t t2) is in FT (X, x).
Proof. Let Y → X be a Kummer log flat covering such that the torsors S1, S2
and S are trivial G1, G2 and G-torsors respectively. Now using Proposition 4.5
we get Xn → X and T → Y such that the T → Xn is classically flat. So, if we
restrict torsors S1, S2 and S to Xn they are torsors in the fppf topology of Xn as
the torsors are trivial when restricted to T and T is fppf cover of Xn. Moreover
since Xn is reduced this implies S1×S S2 is a classical fppf G1×GG2-torsor on Xn
by Theorem 2.4. Therefore, S1×S S2 when restricted to T is a classical fppf torsor
and the theorem follows. 
The Theorem 1.3 follows from Theorem 6.1.
7. Representability of torsors over solvable group schemes
Definition 7.1. We say a finite group scheme is solvable if it admits a subnormal
series
G = G0 ⊃ G1 . . . ⊃ Gn = 1
such that the quotients Gi/Gi+1 are abelian.
In this section we prove the following result: if T is a G-log-flat torsor over a fs
log scheme X where G is a solvable finite flat group scheme, then T is representable
by an fs log scheme over X . We use the following result proved in [7] to prove the
above claim
Proposition 7.2. Let X be an fs log scheme which is locally Noetherian as a
scheme. Let G be a finite flat commutative group scheme over the underlying scheme
of X, which we endow with the inverse image of MX , and let F be a G-log flat
torsors over X. Then, F is representable by an fs log scheme over X which is log
flat of Kummer type and whose underlying scheme is finite over that of X.
Now we generalize the above result to solvable group schemes.
Proposition 7.3. Let X = (X,OX ,MX) be an fs log scheme which is locally
Noetherian as a scheme. Let G be a solvable finite group scheme over the underlying
scheme of X, which we endow with the inverse image of MX , and let F be a G-log
flat torsor over X. Then, F is representable by an fs log scheme over X which is
log flat of Kummer type and whose underlying scheme is finite over that of X.
Proof. Since, G is solvable it has a subnormal series G = G0 ⊃ G1 . . . ⊃ Gn =
1 where the quotients Gi/Gi+1 are abelian . We prove the above statement by
induction on n the length of the subnormal series. If n = 0, the result follows by
the previous theorem. For the inductive case, consider the exact sequence of finite
group schemes where 1 → G1 → G → Gab → 1 where Gab is abelian. Log flat
torsors over G1 are representable by inductive hypothesis. The quotient G1 \ F
is a G2 log flat torsor. Since G2 is abelian, by the previous theorem G1 \ F is
representable by an fs scheme Y over X which is again locally noetherian. Now, F
is a G1-log flat torsor over Y . So, F is respresentable by an fs scheme over Y . 
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8. Nilpotent pro-p quotient of the fundamental group scheme of P1k
with log at {0, 1,∞}
Definition 8.1. A normal series of group schemes
G = G0 ⊃ G1 . . . ⊃ Gn = 1
is called a central series if Gi is normal in G and Gi/Gi+1 ⊂ Z(G/Gi+1). We say
a group scheme is nilpotent if it has a central series.
A nilpotent group scheme by definition is solvable. So, the theorem proved
in the last section implies all log-flat torsors over a nilpotent group scheme are
representable.
We now define the pro-p nilpotent quotient of the log Nori Fundamental group
scheme. Let X be an fs log-smooth scheme over the field k, char(k) = p. Let
N (X, x) denote the category where objects are of the form (T,G, t) where T is
G-log flat torsor over X and G is a nilpotent group scheme of rank pr (r ∈ N) and
t is a trivialization t : T |x ∼= G.
Definition 8.2. We define the pro-p nilpotent quotient of the log Nori fundamental
group as follows
(πNlog(X, x))p−nilp = lim
(Ti,Gi,ti)∈Ob(N (X,x))
Gi.
Here limit is the projective limit of group schemes
So, the nipotent quotient of the fundamental group scheme classifies torsors of
nilpotent group schemes of rank power of p.
Let k be an algebrically closed field of characteristic p > 0. Let X = P1k and
D = {0, 1,∞} . Let U = X −D and let j : U → X be the inclusion. Let the log
structure on U be the trivial log structure and we endow X with the direct image
of this log structure. The main result proved in this section is the following.
Theorem 8.3. Let k be an algebraically closed field of characteristic p > 0. Let
X = P1k and D = {0, 1,∞} . Let U = X −D and let j : U → X be the inclusion.
Let the log structure on U be the trivial log structure and we endow X with the
direct image of this log structure. Then
(πNlog(X, x))p−nilp
∼= lim←−
n
µpn × µpn .
Let Xn = Projk[x, y, z]/(x
pn + yp
n
− zp
n
). The log structure on Xn, MXn , is
defined as follows: on the affine subsets U1 = Spec(k[x/z.y/z]/((x/z)
pn+(y/z)p
n
−
1)), U2 = Spec(k[y/x.z/x]/((y/x)
pn+(z/x)p
n
−1)) and U3 = Spec(k[x/y.z/y]/((x/y)p
n
+
(z/y)p
n
− 1)) the log structure is < O×Xn , x/z, y/z >,< O
×
Xn
, x/y, z/y > and <
O×Xn , y/x, z/x > respectively. Consider the morphism φn : Xn → X where [x : y : z]
goes to [xp
n
: yp
n
: zp
n
] ( the underlying scheme of X is Projk[x, y, z]/(x+y−z) =
P1k ). Now, φn : Xn → X is a µpn × µpn -log flat torsor as proved below.
Proposition 8.4. The fs log scheme Xn is a µpn × µpn-log flat torsor over X.
Proof. It is enough to show the Xn is µpn × µpn -log flat torsor over X when re-
stricted to some open affine cover of X . Consider the open affine cover A1k → X
where A1k has log at 0 and 1. Consider X
′
n = Xn ×
fs
X A
1
k. It is enough to
show that X
′
n is µpn × µpn -log flat torsor over A
1
k. We denote by N → N
1/pn
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the map N → N where 1 goes to pn.To prove X
′
n is µpn × µpn -log flat torsor
over A1k we need to show that X
′
n ×
fs
A1
k
X
′
n
∼= X
′
n × (µpn × µpn). Note that
X
′
n = A
1
k×
fs
Z[N,N]Z[N
1/pn ,N1/p
n
]. First we compute the fibred product X
′
n×A1kX
′
n in
the category of fine log schemes. ThenX
′
n×A1kX
′
n = (A
1
k×Z[N,N]Z[N
1/pn ,N1/p
n
])×A1
k
(A1k×Z[N,N]Z[N
1/pn ,N1/p
n
]) = A1k×Z[N,N](Z[N
1/pn ,N1/p
n
])×Z[N,N]Z[N
1/pn ,N1/p
n
]) =
A
1
k ×Z[N,N] Z[P ] where P = (N
1/pn ⊕ N1/p
n
) ⊕N⊕N (N
1/pn ⊕ N1/p
n
).Note that the
(P int)sat = (N1/p
n
⊕ Z/pnZ) ⊕ (N1/p
n
⊕ Z/pnZ). So, we finally get X
′
n ×
fs
A1
k
X
′
n =
(A1k×Z[N,N]Z[P ])×Z[P ]Z[(P
int)sat] = X
′
n× (µpn ×µpn). Similar it can be shown for
other open affine cover X − {1,∞} and X − {0,∞}. 
Also, there’s map hn : Xn+1 → Xn such that fn : ([x : y : z]) = [xp : yp : zp].
Also let gn denote the group scheme homomorphism µpn+1 × µpn+1 → µpn × µpn
such (x, y) ∈ µpn+1(R) × µpn+1(R) goes to (x
p, yp) ∈ µpn(R) × µpn(R). Since, the
group scheme µpn × µpn is abelian therefore nilpotent. So, from the projective
system of log flat torsors (Xn, µpn × µpn , tn) we get the following map
f : (πNlog(X, x))p−nilp → lim←−
n
µpn × µpn (8.5)
where the maps for the projective limit is given by gn.
In the following two sections, we will prove that f is an isomorphism.
8.1. Proof of surjectivity of f .
First, we show that f is surjective. For this it enough to show that the canonical
map fn, π
N
log(X, x))p−nilp → µpn × µpn is surjective for every n.
Lemma 8.6. Suppose the canonical map from fn : π
N
log(X, x))p−nilp → µpn × µpn
is not surjective. The there exists a surjective group scheme morphism s from
µpn × µpn to µp such that s ◦ fn is zero morphism.
Proof. Let coker(fn) : µpn × µpn → coker(fn) be the cokernel of the morphism fn.
Since fn is not surjective, coker(fn) is not the trivial group scheme.The coker(fn)
is a non-trivial finite group scheme whose rank is a power of p. So, it must have a
simple finite quotient which is αp, µp or Z/pZ. But since any quotient of coker(fn)
is also a quotient of µpn × µpn so the quotient should be µp. Therefore, there
exists a surjective morphism s′ from coker(fn) to µp. Then we can take s to be
s′ ◦ coker(fn). We can see that s ◦ fn is the zero morphism. 
To prove that fn is surjective it is enough to show that for any surjective mor-
phism s from µpn ×µpn to µp the image sin(α) 6= 0 where sin : H1(X,µpn ×µpn)→
H1(X,µp) is the induced map on cohomology groups and α corresponds to the
µpn × µpn -torsor Xn. We have the following exact sequences.
0 µpn × µpn M
gp ×Mgp Mgp ×Mgp 0
0 µp M
gp Mgp 0
si,j
pn×pn
ti,j pi,j
p
Here si,j is the morphism where (a, b) ∈ µpn(R) × µpn(R) goes aip
n−1
bjp
n−1
∈
µp(R) and 0 ≤ i, j ≤ p− 1 and (i, j) 6= (0, 0). Note that every surjective morphism
from µpn×µpn to µp is of the form si,j . The map ti,j takes (a, b) ∈Mgp(U)×Mgp(U)
to aip
n−1
bjp
n−1
. The map pi,j takes (a, b) ∈M
gp(R)×Mgp(R) to aibj ∈Mgp(R).
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Now consider the corresponding long exact sequence.
0 H0logfl(X,µpn × µpn) H
0
logfl(X,M
gp ×Mgp) H0logfl(X,M
gp ×Mgp) H1logfl(X,µpn × µpn)
0 H0logfl(X,µpn) H
0
logfl(X,M
gp) H0logfl(X,M
gp) H1logfl(X,µpm)
si,j
pn×pn
ti,j pi,j si,j
Now (t, t− 1) ∈ H0logfl(X,M
gp ×Mgp) corresponds to the µpn × µpn -torsor Xn.
Under the map pi,j , (t, t−1) goes to ti(t−1)j which is not a p-th power. Therefore,
si,j(α) 6= 0 where α ∈ H1(X,µpn × µpn) corresponds to the µpn × µpn -torsor Xn.
This proves that fn is surjective.
8.2. Proof of injectivity of f . Now we show that f is injective. Let R be a
k-algebra and X be an R-scheme.
Consider the exact sequence of group schemes over R
1→ N → G→ H → 1 (8.7)
Let U be a G-torsor over X . Consider the torsor U/N and assume that it is
representable by the log scheme Y . Then U → Y is a N -torsor over Y and Y → X
is a H-torsor over X .
Let σ ∈ H(R) then it induces a morphism fσ : Y → Y . Suppose P = N/Q is
an abelian quotient of N where Q is a normal subgroup scheme of N and G. Then
U/Q = Z is a P -torsor over Y .
Now σ acts on the group scheme P by inner-automorphisms. We denote this
action by iσ : P → P . Now consider the base change of the torsor Z by the mor-
phism fσ : Y → Y . Then we get a new P -torsor Z ′ over Y and Z ′ = Z ×P P ,
here we are treating P as P -torsor by the action iσ. In other words, let fσ :
H1(Y, P )→ H1(Y, P ) be the map induced on the cohomology groups by the mor-
phism fσ : Y → Y . Let α ∈ H1(Y, P ) correspond to the P -torsor Z. Then fσ(α)
corresponds to the torsor Z ×P P .
Now consider the map
f : (πNlog(X, x))p−nilp → lim←−
n
µpn × µpn . (8.8)
Suppose the kernel of f , ker(f), is non-trivial. Then it should have a quotient
H where H = αp, µp or Z/pZ. Now consider the map φn : π
N
log(X, x))p−nilp →
µpn × µpn . If φn has quotient H = αp or Z/pZ then acts µpn × µpn acts on
H by inner-automorphisms and since πNlog(X, x))p−nilp is nilpotent these inner-
automorphisms are trivial. Now consider the action of µpn × µpn(R) on Xn ⊗R =
Proj(R[T1, T2, T3]/(T
pn
1 +T
pn
2 −T
pn
3 )) where (a, b) ∈ µpn ×µpn(R) induces the map
h(a,b) : Xn ⊗ R → Xn ⊗ R where h(a,b)(T1) = aT1 and h(a,b)(T2) = bT2. The map
h(a,b) also induces a corresponding map on H
1
logfl(Xn ⊗R,H). Then there should
exist θ 6= 0 ∈ H1logfl(Xn, H) ⊂ H
1
logfl(Xn ⊗ R,H) such that h(a,b)(θ) = θ for all
(a, b) ∈ µpn × µpn(R) and for all k-algebras R.
Let X be a locally noetherian fs log scheme. Let ǫ : X logfl → X
cl
fl be a morphism
of site that is induced by the functor that takes a classical scheme U in Xclfl and
endow it with the inverse image of the log structure of X in X logfl . Now, let G be a
finite commutative group scheme of X where the log structure on G is the inverse
image log structure on X . Now, we can apply the Leray spectral sequence
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0→ H1fl(X,G)→ H
1
logfl(X,G)→ H
0
fl(X,R
1ǫ∗(G))→ H
2
fl(X,G)→ H
2
logfl(X
,G)
(8.9)
To use the above exact sequence we need to compute the first higher direct image
of G,R1ǫ∗(G).
For this we need this following theorem proved in Theorem 4.1 of [7] .
Theorem 8.10. Let X be an fs log scheme and assume that X is locally Noetherian
as a scheme. Let G be a commutative group scheme over the underlying scheme of
X satisfying either one of the following two conditions.
(i) G is finite flat over the underlying scheme of X.
(ii) G is smooth and affine over the underlying scheme of X.
Then we have a canonical isomorphism
R1ǫ∗G = lim−→
n6=0
Hom (µn, G)⊗Z (Gm,log/Gm),
where n ranges over all non-zero integers and the inductive limit is taken with re-
spect to the canonical projections µmn → µn. Here Gm is the functor T → Γ(T,O
×
T )
on (fs/X) and µn = Ker(n : Gm → Gm) (n 6= 0). The quotient Gm,log/Gm here is
taken in the categories of sheaves on Xclfl.
To compute H1logf l(X,G) when G = αp, Z/pZ we need the following simple
lemma. Here p is the characteristic of the field k.
Lemma 8.11. R1ǫ∗(G) = 0 if G = αp,Z/pZ.
Proof. From 8.10 we getR1ǫ∗G = lim−→
n6=0
Hom (µn, G)⊗Z(Gm,log/Gm). Since Hom(µn, G) =
0 when G = αp,Z/pZ , we get lim−→
n6=0
Hom (µn, G) = 0 and the result follows.

Now using 8.28 and the above lemma, we get H1fl(X,G)
∼= H1logf l(X,G) when
G = αp,Z/pZ.
To compute H1fl(Xn, G) we use the following two exact sequence in the fppf
topology
0→ αp → Ga
F
−→ Ga → 0 (8.12)
0→ Z/pZ→ Ga
F−id
−−−→ Ga → 0 (8.13)
Using 8.12 we get the following long exact sequence
0→ Γ(Xn, αp)→ Γ(Xn,Ga)
F
−→ Γ(Xn,Ga)→ H
1
fl(Xn, αp)→ H
1
fl(X,Ga)→ H
1
fl(X,Ga)
(8.14)
0→ 0→ k
F
−→ k → H1fl(X,αp)→ H
1
fl(Xn, Ga)
F
−→ H1(Xn, Ga) (8.15)
Since, k is algebraically closed the map k
F
−→ k is surjective, therefore the
map H1(Xn, αp) → H1fl(Xn, Ga)) is injective. Also note that H
1
fl(Xn, Ga) =
H1zar(Xn, Ga) = H
2
zar(P
2,O(−pn)) = ( 1T0T1T2 k[
1
T0
, 1T1 ,
1
T2
])(−pn).
We now prove the following proposition
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Proposition 8.16. Let R be a k-algebra then we have we have a map i : H1fl(Xn, αp)→
H1fl(Xn ⊗k R,αp). Also for every (a, b) ∈ µpn(R) × µpn(R), h(a,b) induces map
h(a,b) : H
1
fl(Xn ⊗k R,αp)→ H
1
fl(Xn ⊗k R,αp).
Let H1fl(Xn, αp)
µpn (R)×µpn (R) = {x ∈ H1(Xn, αp) : for all (a, b) ∈ µpn(R) ×
µpn(R) , h(a,b)(i(x)) = i(x)}. There exists a k-algebra R such that
H1fl(Xn, αp)
µpn (R)×µpn (R) = 0
Proof. We need to show that there exists a k-algebraR and (a, b) ∈ µpn(R)×µpn(R)
such that h(a,b)(i(x)) 6= i(x) for all x ∈ H
1(Xn, αp), x 6= 0.
We start the with following exact sequences
0→ H1fl(Xn, αp)→ H
1
fl(Xn,Ga),
Also there is the map i : H1(Xn,Ga)→ H1(Xn ⊗k R,Ga). Since, Ga is a quasi-
coherent sheaf we have H1fl(Xn ⊗k R,Ga) = H
1
fl(Xn,Ga) ⊗k R and i is injective.
Then we get the following commutative diagram.
H1fl(Xn, αp) H
1(Xn,Ga)
H1fl(Xn ⊗k R,αp) H
1
fl(Xn ⊗k R,Ga)
H1fl(Xn ⊗k R,αp) H
1
fl(Xn ⊗k R,Ga)
p
i i
p
h(a,b) h(a,b)
p
Let x ∈ H1fl(Xn, αp), x 6= 0, then if h(a,b)(i((p(x))) 6= i(p(x)) then it is clear that
h(a,b)(i(x)) 6= h(a,b)(i(x)). So, if we have to show for all x ∈ H
1
fl(Xn⊗kR,Ga), x 6=
0, h(a,b)(x) 6= x for some (a, b) ∈ µpn(R)× µpn(R).
Now, H1fl(Xn ⊗k R,Ga) =
(
1
T0T1T2
R[ 1T0 ,
1
T1
, 1T2 ]
)
(−pn)
and the map h(a,b) takes
any monomial 1
Tx0 T
y
1 T
z
2
to 1
axTx0 b
yTy1 T
z
2
.
Now, we can take our R to be k[t]/(tp
n
− 1) and (a, b) = (t, 1) ∈ µpn × µpn(R)
and we get our result. 
Now since H1fl(Xn, αp) = H
1
logfl(Xn, αp) we get the following proposition
Proposition 8.17. Let R be a k-algebra then we have we have a map i : H1logfl(Xn, αp)→
H1logfl(Xn ⊗k R,αp). Also for every (a, b) ∈ µpn(R) × µpn(R), h(a,b) induces map
h(a,b) : H
1
logfl(Xn ⊗k R,αp)→ H
1
logfl(Xn ⊗k R,αp).
Let H1logfl(Xn, αp)
µpn (R)×µpn (R) = {x ∈ H1logfl(Xn, αp) : for all (a, b) ∈ µpn(R)×
µpn(R) , h(a,b)(i(x)) = i(x)}. There exists a k-algebra R such that
H1logfl(Xn, αp)
µpn (R)×µpn (R) = 0
We also have an equivalent proposition for Z/pZ.
Proposition 8.18. Let R be a k-algebra then we have we have a map i : H1logfl(Xn,Z/pZ)→
H1logfl(Xn⊗kR,Z/pZ). Also for every (a, b) ∈ µpn(R)×µpn(R), h(a,b) induces map
h(a,b) : H
1
logfl(Xn ⊗k R,Z/pZ)→ H
1
logfl(Xn ⊗k R,Z/pZ).
Let H1logfl(Xn,Z/pZ)
µpn (R)×µpn (R) = {x ∈ H1logfl(Xn,Z/pZ) : for all (a, b) ∈
µpn(R)× µpn(R) , h(a,b)(i(x)) = i(x)}. There exists a k-algebra R such that
H1logfl(Xn,Z/pZ)
µpn (R)×µpn (R) = 0
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Proof. Similar to Proposition 8.17. 
Now we will prove a proposition similar to Proposition 8.17 but forH1logfl(Xn, µp).
To prove this we will use induction. First note that the there exists a closed embed-
ding j : Xn−1⊗kR→ Xn⊗kR which is induced by the following morphism of graded
rings φ : R[T0, T1, T2]/(T
pn
0 + T
pn
1 − T
pn
2 )→ R[T0, T1, T2]/(T
pn−1
0 + T
pn−1
1 − T
pn−1
2 )
where φ(T0) = T0, φ(T1) = T1, φ(T2) = T2.
We get the following exact sequence
0→ I → OXn⊗kR → j∗OXn−1⊗kR → 0 (8.19)
Note that Ip = 0.
Lemma 8.20. The following sequence of Zariski sheaves is exact
0→ I → O×Xn⊗kR → j∗O
×
Xn−1⊗kR
→ 0 (8.21)
Here the first map from I(U) to O×Xn−1⊗kR(U) is given by the truncated expo-
nential sequence expp−1(x) =
∑p−1
i=0 x
i/i!. The group structure in I(U) is additive
where as the group structure in O×Xn−1⊗kR(U) is multiplicative.
Proof. We start with short exact sequence 8.19 and get the following sequence
0→ I → O×Xn⊗kR → j∗O
×
Xn−1⊗kR
→ 0 (8.22)
For left exactness, we need to check that the truncated exponential function
expp−1(x) induces an isomorphism between the sheaf I and 1+I. The truncated ex-
ponential function is a homomorphism since expp−1(x+ y) = expp−1(x).expp−1(y),
which follows from the fact Ip = 0. To prove it is an isomorphism we define
the truncated logarithm, logp−1(x) =
∑p−1
i=1 (−1)(x − 1)
i/i. One can check that
x = expp−1(logp−1(x)) = logp−1(expp−1(x)). This proves the left exactness. The
right exactness follows from the right exactness of 8.19. 
Now we will prove the following proposition
Proposition 8.23. Let R be a k-algebra then we have a map i : H1fl(Xn, µp) →
H1fl(Xn ⊗k R, µp). Also for every (a, b) ∈ µpn(R) × µpn(R), h(a,b) induces map
h(a,b) : H
1
fl(Xn ⊗k R, µp)→ H
1
fl(Xn ⊗k R, µp).
Let H1fl(Xn, µp)
µpn (R)×µpn (R) = {x ∈ H1fl(Xn, µp) : for all (a, b) ∈ µpn(R) ×
µpn(R) ,h(a,b)(i(x)) = i(x)}. There exists a k-algebra R such that
H1fl(Xn, µp)
µpn (R)×µpn (R) = 0
Proof. We will use induction for the proof. We need to show that there exists a
k-algebra R and (a, b) ∈ µpn(R) × µpn(R) such that for all x ∈ H1fl(Xn, µp) and
x 6= 0, h(i(x)) 6= i(x).
Assume by inductive hypothesis that such h(a,b) exists for Xn. We will show
that it also exists for Xn+1.
Consider the following commutative diagram of schemes
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Xn ⊗k R Xn+1 ⊗k R
Xn ⊗k R Xn+1 ⊗k R
j
h(a,b) h(a,b)
j
Now using the Lemma 8.20 and the above commutative diagram we get following
commutative diagram
H1fl(Xn+1 ⊗k R, I) H
1
fl(Xn+1 ⊗k R,O
×
Xn+1⊗kR
) H1fl(Xn+1 ⊗k R, j∗O
×
Xn⊗kR
)
H1fl(Xn+1 ⊗k R, I) H
1
fl(Xn+1 ⊗k R,O
×
Xn+1⊗kR
) H1fl(Xn+1 ⊗k R, j∗O
×
Xn⊗kR
)
h(a,b)
jin
h(a,b) h(a,b)
jin
Now we add the map i : H1(Xn,O
×
Xn
)→ H1(Xn⊗kR,O
×
Xn
) and i : H1(Xn, I)→
H1(Xn ⊗k R, I) and we get the following commutative diagram
H1fl(Xn+1, I) H
1
fl(Xn+1,O
×
Xn+1
) H1fl(Xn+1, j∗O
×
Xn
)
H1fl(Xn+1 ⊗k R, I) H
1
fl(Xn+1 ⊗k R,O
×
Xn+1⊗kR
) H1fl(Xn+1 ⊗k R, j∗O
×
Xn⊗kR
)
H1fl(Xn+1 ⊗k R, I) H
1
fl(Xn+1 ⊗k R,O
×
Xn+1⊗kR
) H1fl(Xn+1 ⊗k R, j∗O
×
Xn⊗kR
)
i
jin
i i
h(a,b)
jin
h(a,b) h(a,b)
jin
Let x be a p-torsion element of H1fl(Xn+1,O
×
Xn+1
). Then jin(x) = x
′ is a p-
torsion element of H1fl(Xn+1, j∗O
×
Xn
) = H1fl(Xn,O
×
Xn
). If jin(x) 6= 0 by inductive
hypothesis we get h(a,b)(i(x
′)) 6= i(x′) but this implies h(a,b)(i(x)) 6= i(x) . Now
consider the case when jin(x) = 0. Then x ∈ H1fl(Xn+1, I). Now we have the
following exact sequence 8.19 we get the following exact sequence
0→ H1fl(Xn+1⊗kR, I)→ H
1
fl(Xn+1⊗kR,OXn+1⊗kR)→ H
1
fl(Xn+1⊗kR, j∗OXn⊗kR)→ 0
(8.24)
Now combining with the action of h(a,b)
We get the following commutative diagram
H1fl(Xn+1, I) H
1
fl(Xn+1,OXn+1) H
1
fl(Xn+1, j∗OXn)
H1fl(Xn+1 ⊗k R, I) H
1
fl(Xn+1 ⊗k R,OXn+1⊗kR) H
1
fl(Xn+1 ⊗k R, j∗OXn⊗kR)
H1fl(Xn+1 ⊗k R, I) H
1
fl(Xn+1 ⊗k R,OXn+1⊗kR) H
1
fl(Xn+1 ⊗k R, j∗OXn⊗kR)
i i i
h(a,b) h(a,b) h(a,b)
But we have already seen in the proof of Proposition 8.16 that we can find h(a,b)
such that for any x ∈ H1fl(Xn+1,OXn+1) and x 6= 0 we have h(a,b)(i(x)) 6= i(x). So,
we’re done.

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Now we’ll take a look at H1logf l(Xn, µp). First we prove the following lemma
which we will be used in the computation
Lemma 8.25. Let X0 = Proj(k[x, y, z]/(x+y−z)). Let log structure on X0 be the
log structure associated with D = {0, 1,∞}. Then H1logf l(X0, µp) = Z/pZ⊕ Z/pZ.
Proof. We start with the following exact sequence in the log-flat topology ( Propo-
sition 4.2 in [7]).
0→ µp → Gm,log → Gm,log → 0.
This gives us the following long exact sequence
0→ H0logf l(X0, µp)→ H
0
logf l(X0,Gm,log)→ H
0
logf l(X0,Gm,log)→ H
1
logf l(X0, µp)→ H
1
logf l(X0,Gm,log)
(8.26)
Next we compute H1logf l(X0,Gm,log). Using Theorem 5.1 in [7], we get that
H1logf l(X0,Gm,log) = H
1
fl(X0,Gm,log).
To compute H1fl(X0,Gm,log) we start with the following exact sequence in the
flat topology
0→ Gm → Gm,log → ⊕x∈{0.1,∞}ix∗Z (8.27)
Here Z is the constant sheaf on x and ix : x −֒→ X0. From the above sequence
we get the long exact sequence
H0fl(X0,Gm)→ H
0
fl(X0,Gm,log)→ H
0
fl(X0,⊕x∈{0.1,∞}ix∗Z)→ H
1
fl(X0,Gm)→ H
1
fl(X0,Gm,log)
→H1fl(X0,⊕x∈{0.1,∞}ix∗Z).
Now H1fl(X0,⊕x∈{0.1,∞}ix∗Z) = ⊕x∈{0,1,∞}H
1
fl(X0, ix∗Z). Since, H
1
fl(x,Z) = 0
we getH1fl(X0,⊕x∈{0.1,∞}ix∗Z) = 0. Now the map fromH
0
fl(X0,⊕x∈{0.1,∞}ix∗Z) =
Z⊕Z⊕Z→ H1fl(X0,Gm) = Z is the sum map therefore surjective. Thus it follows
H1fl(X0,Gm,log) = 0. Also note that H
0
fl(X0,Gm,log)/H
0
fl(X0,Gm) = Z ⊕ Z. Now
from 8.26, we get
0→ H0logf l(X0, µp)→ H
0
logf l
(X0,Gm,log)→ H0logf l(X0,Gm,log)→ H
1
logf l
(X0, µp)→
0
Since H0fl(X0,Gm) = k
× and H0fl(X0,Gm,log)/H
0
fl(X0,Gm) = Z ⊕ Z, we get
H1logf l(X0, µp) = Z/pZ⊕ Z/pZ.

Using the Leray Spectral sequence 8.28 we get the following exact sequence
0→ H1fl(Xn, µp)→ H
1
logf l
(Xn, µp)→ H
0
fl(Xn, R
1ǫ∗(µp)) (8.28)
Also, let X0 = Proj(k[x, y, z]/(x+ y − z)). Consider the map k[x, y, z]/(x+ y −
z)p
n
→ k[x, y, z]/(x+ y − z) where x → x, y → y and z → z. Thus we get a map
j : X0 → Xn. Using the Leray spectral sequence, we get the following commutative
diagram
H1fl(Xn, µp) H
1
logf l
(Xn, µp) H
0
fl(Xn, R
1ǫ∗(µp))
H1fl(X0, µp) H
1
logf l
(X0, µp) H
0
fl(X0, R
1ǫ∗(µp))
j j j
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Using Theorem 8.10 we can compute H0fl(Xn, R
1ǫ∗(µp)) and H
0
fl(X0, R
1ǫ∗(µp))
.
R1ǫ∗(µp) = lim−→
n6=0
Hom (µn, µp)⊗Z (Gm,log/Gm), (8.29)
To computeH0fl(Xn, lim−→
n6=0
Hom (µn, µp)⊗Z(Gm,log/Gm)), first note thatGm,log/Gm =
⊕
i∈{1,0,∞} Zi . Now, lim−→
n6=0
Hom (µn, µp)⊗Z(
⊕
i∈{1,0,∞} Zi) = Hom (µp, µp)⊗Z(
⊕
i∈{1,0,∞} Zi).
Now we get Hom (µp, µp) = Hom (µp,Gm) = Z/pZ. Therefore, we getH
0
fl(Xn, lim−→
n6=0
Hom (µn, µp)⊗Z
(Gm,log/Gm)) = Z/pZ⊕Z/pZ⊕Z/pZ. Note that the map from j : H0fl(X0, R
1ǫ∗(µp))→
H0fl(X0, R
1ǫ∗(µp)) is an isomorphism. So, we the following commutative diagram .
H1fl(Xn, µp) H
1
logf l
(Xn, µp) Z/pZ⊕ Z/pZ⊕ Z/pZ
H1fl(X0, µp) H
1
logf l
(X0, µp) Z/pZ⊕ Z/pZ⊕ Z/pZ
j j j
Let I = H1fl(Xn, µp). Now let x ∈ Z/pZ ⊕ Z/pZ ⊆ H
1
logf l
(Xn, µp) then for
all (a, b) ∈ µpn(R) × µpn(R) and for all R, h(a,b)(i(x)) = i(x). Here i is the
canonical map i : H1fl(Xn, µp) → H
1
fl(Xn ⊗k R, µp). Therefore from Proposition
8.23 we get I ∩ Z/pZ ⊕ Z/pZ = 0. We claim that H1logf l(Xn, µp) = I ⊕ Z/pZ ⊕
Z/pZ. Since, H1fl(X0, µp) = 0 and H
1
logf l
(X0, µp) = Z/pZ ⊕ Z/pZ the image of
H1logf l(Xn, µp) in Z/pZ ⊕ Z/pZ ⊕ Z/pZ isomorphic to Z/pZ⊕ Z/pZ. This follows
from the commutativity of the diagram 8.2. But since I⊕Z/pZ⊕Z/pZ is contained
in H1logf l(Xn, µp) and H
1
logf l
(Xn, µp)/I ∼= Z/pZ ⊕ Z/pZ , we get H1logf l(Xn, µp) =
I ⊕ Z/pZ⊕ Z/pZ.
From the above we get the following proposition
Proposition 8.30. Let R be a k-algebra R then we have a map i : H1fl(Xn, µp)→
H1logfl(Xn ⊗k R, µp). Also for every (a, b) ∈ µpn(R) × µpn(R), h(a,b) induces map
h(a,b) : H
1
logfl(Xn ⊗k R, µp)→ H
1
logfl(Xn ⊗k R, µp).
Let H1logfl(Xn, µp)
µpn (R)×µpn (R) = {x ∈ H1fl(Xn, µp) : for all (a, b) ∈ µpn(R) ×
µpn(R) ,h(a,b)(i(x)) = i(x)}. There exists a k-algebra R such that
H1logfl(Xn, µp)
µpn (R)×µpn (R) = Z/pZ⊕ Z/pZ
Now combining Proposition 8.18, 8.30 and 8.17 gives us Theorem 8.3.
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